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Abstract. We prove a class of modified paraboloid restriction estimates with a loss 
of angular derivatives for the full set of paraboloid restriction conjecture indices. This 
result generalizes the paraboloid restriction estimate in radial case by Shao m , as 
well as the result of the authors in which is cone case. As an application, we 
show a local smoothing estimate for the solution of linear Schrodinger equation if the 
initial data has some angular regularity. 
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1. Introduction 


Let 5 be a non-empty smooth compact subset of the paraboloid, 

{ (r,0 GMxMVr = |eP }, 

where n ^ 1. We denote by da the pull-back of the n-dimensional Lebesgue measure 
d^ under the projection map (r, e-)- Let / be a Schwartz function, and define the 

inverse space-time Fourier transform of the measure /da 

(1.1) {fdant,x)= f /(r,0e^"*("-«+*")da(0 

Js 

The classical linear adjoint restriction estimate for the paraboloid reads as 
(1-2) IK/do") ||l^„,(RxR") ^ Cp^q^n,s\\f\\LP(S-,da)i 

where 1 ^ p,q ^ oo. The famous restriction problem is to find the optimal range of p 
and q such that (II.2p holds. It is easy to verify that 


(1.3) ,>?h±h. 

n Q P 

is the necessary conditions for (II.2p : see p0]l26] . Here p' denotes the conjugate exponent 
of p. The adjoint restriction estimate conjecture on paraboloid is 


Conjecture 1.1. The inequality m) holds if and only if do]) holds. 

There is a large amount of literatures on this problem. For n = 1, Conjecture 11.11 
was solved by Fefferman-Stein [8] for the non-endpoint case and by Zygmund [33! 
the endpoint case. Conjecture 1 1.1 1 for high dimension case becomes much more difficult. 
For n ^ 2, Tomas m showed (jl.2p for q > 2(n -|- 2)/n, and Stein [2T] fixed the point 
q = 2{n + 2)/n. Bourgain [T] further proved the estimate for q > 2(n -|- 2)/n — 

1 





2 


CHANGXING MIAO, JUNYONG ZHANG, AND JIQIANG. ZHENG 


with some > 0; in particular, ^ when n = 2. Along with this line, further 

improvements were made by Moyua-Vargas-Vega [12] and Wolff [32|. Tao [29] use the 
bilinear argument to show (|1.2I) holds q > 2(n + 3)/{n + 1) for n ^ 2. The result was 
improved by Bourgain-Guth [2] when n ^ 4. This conjecture is so difficult that it 
remains open. For more details we refer the reader to [2l l26[[28l430[l32j . 

On the other hand, the restriction conjecture becomes simpler (but not trivial) when 
the test function has some angular regularity. For example, the Coniecture ll.ll is proved 
by Shao m when the test functions are cylindrically symmetric and supported on a 
dyadic subset of the paraboloid in the form of 

{(t, 0: M^|C|^2M, T = |eP, Mg 2^}. 

Indeed, many famous conjectures in harmonic analysis (such as Fourier restriction esti¬ 
mates, Bochner-Riesz estimate etc.) have much easier counterparts when the operators 
act on radial functions. An intermediate situation is to replace the — Ag(S"'“^) 
by Agpj^ in ()1.2p . This intermediate case has been settled for the adjoint restriction 
estimates for cone by the authors |13j . More precisely, if S' is a non-empty smooth 
compact subset of the cone, 

{(r,0eMxM-: t = \^\}, 
we have for q > 2nj{n — 1) and (n -|- l)/g ^ (n — l)/p^ 

(1'4) ^ Cp^q^n,s\\f\\LP(S-,da)- 

The advantage of norm allows us to use the spherical harmonics expanding, and 
so the problems are converted to bounds for sequences of operators {Hk] where 

each Hk is an operator acting on the radial functions. The pioneering paper using such 
intermediate space is Mockenhaupt’s Diplom-thesis in which he proved weighted 
inequalities and then sharp ^ ^radi^sph) multiplier operator, 

see Mockenhaupt [TO] or Cordoba [6] . The sharp endpoint bounds for the disk multiplier 
were obtained by Carbery-Romera-Soria [1]. Miiller-Seeger m established some sharp 
mixed spacetime estimates to study the local smoothing of the solution for 

linear wave equation, and Gigante-Soria [9] studied a related mixed norm problem for 
the Schrodinger maximal operators. On the restriction conjecture, Carli-Grafakos [7] 
also treated the same problem for the spherically-symmetric functions. 

In this paper, we prove the estimate m) holds for all p,q in (na), with some 
loss of angular derivatives. Our strategy is to use the spherical harmonic expanding 
as well as localized restriction estimates. In contrast to the radial case, e.g. Ode], 
the main difficulty comes from the asymptotic behavior of Bessel function Ju{r) when 
u ^ 1. It is worth to point out that the method of treating cone restriction [T3] 
is not valid since it can not be used to exploit the curvature property of paraboloid 
multiplier . We notice that the bilinear argument used in [16], which is in spirit of 
Carleson-Sjolin argument or equivalently the TT* argument, can be used to deal with 
the oscillation of the paraboloid multiplier. By this clue one need to write the Bessel 
function Ji,{r) ~ which is easy for small u (corresponding to the radial case) 

but seems more complicate for v ^ 1. Indeed, one can do this when <c r, but it 
will cause much more loss of derivative for the case < r < z/^ in which it is difficult 
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for one to capture simultaneously the oscillation and decay behavior of Ju{r)- Our 
idea is to establish a ^.-localized restriction estimate by directly analyzing the kernel 
associated with the Bessell function. The key ingredient is exploring the decay and 
oscillation property of Juir) for r ^ v, and resonant property of paraboloid multiplier. 
On the other hand, we have to overcome low decay shortage of Ji,{r) (when ~ r 1) 
by compensating a loss of angular regularity. The loss of angular regularity fortunately 
is not too much, exact the gap between and 

Before stating the main theorem, we introduce some notations. Incorporating the 
angular regularity, we set the infinitesimal generators of the rotations on Euclidean 
space: 

^j,k * 

and define for s G M 

Ae:=J2^lk, |Or = (-A,)t. 

j<k 

Hence Ae is the Laplace-Beltrami operator on We briefly write H + e as or 

T — e as for 0 < e <C 1. 

Our main result is the following: 


Theorem 1.1. Let 2, 1 ^ q,p ^ oo satisfy (II. 3p . Then 
( 1 - 5 ) ll(/d(T)^llL^^^(RxE'») ^ + |f^|)^/||LP(5;d(T) 


holds for all Schwartz functions f, where s = s{q,n) = aa and 0 ^ a ^ 1 satisfying 





\ 1 

a 1 — a 


a = {n 

- 1) X- 

, - = 

+ 


\2 qo 

/ q 

do dl 

Here qo = 

(2(n +l)/n)+ and 

Qi = Q{n)+ 





f 2(4n+7) 

4nH-l ’ 

n = 2 

{mod 3); 

(1.6) 

II 

2n,+3 
n ’ 

n = 0 

{mod 3); 



4(n+2) 

I 2n+l ’ 

n = 1 

{mod 3). 


Remark 1.1. The q{n) is the best low bound of q for the restriction problem in 
Bourgain-Guth Theorem o establishes the linear adjoint restriction estimates 

when q G (2(n + l)/n, g(n)) with some loss of angular derivatives. In particular if 
q = qo is close to the conjecture exponent 2(n + l)/n, the loss of angular deriv¬ 
ative is a = {n — l)(l/2 — 1/qo). This implies that s < (n — l)(l/2 — 1/g) for 
q G (2(n + l)/n,q{n)). 


As an application of the modified restriction estimate, we show a result on the 
local smoothing estimate for Schodinger equation for the initial data with additional 
angular regularity by Rogers’s argument in m- We here extend m Theorem 1] from 
q > 2(n + 3)/(n + 1) to q > 2(n + l)/n if the initial data has additional angular 
regularity. 

More precisely, we have the local smoothing 
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Corollary 1.1. Let n ^ 2, q > 2{n + l)/n and s be as in Theorem \l.l[ Then 

(^■'^) II ®' ^0 || l | ^([ 0 , 1 ] XR") ^ ^11 “1“ 1 ^ 1 ) '^0 II ) 

where a > 2n(l/2 — l/g) — 2/g and is the Sobolev space. 

This paper is organized as follows: In Section 2, we introduce some notations and 
present some basic facts about spherical harmonics and Bessel functions. Furthermore, 
we use the stationary phase argument to prove some properties of the Bessel functions. 
Section 3 is devoted to the proof of Theorem 11.11 In Section 4, we prove the key 
Proposition 13.11 We prove Corollary 11.11 in the final section. 
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by the NSFC under grant No.11171033 and 11231006. J. Zhang was supported by the 
Beijing Natural Science Foundation(1144014) and National Natural Science Foundation 
of China (11401024). J. Zheng was partly supported by the European Research Council, 
ERC-2012-ADG, project number 320845: Semi-Classical Analysis of Partial Differential 
Equations. 


2. Preliminaries 

2.1. Notations. We use A < B to denote the statement that A ^ CB for some large 
constant C which may vary from line to line and depend on various parameters, and 
similarly employ A ^ B to denote the statement that A < B < A. We also use A B 
to denote the statement A ^ C~^B. If the constant C depends on a special parameter 
other than the above, we shall denote it explicitly by subscripts. For instance, 
should be understood as a positive constant not only depending on p, q, n and 5, but 
also on e. Throughout this paper, pairs of conjugate indices are written as p,p', where 
I -|- ^ = 1 with 1 ^ p ^ oo. Let R > 0 be a dyadic number, we define the dyadic 
annulus in M"" by 

R/2 ^ |x| ^ R }, Sr ■.= [R/2,R]. 

We denote by Lm the class of Schwartz functions supported on a dyadic subset of the 
paraboloid in the form of 

(2.1) {(t,0 : M ^ 1^1 ^ 2M,r = leP}, with M G 2®. 

2.2. Spherical harmonics expansions and Bessel fnnction. We begin by recalling 
the expansion formula with respect to the spherical harmonics. Let 

(2.2) ^ = pcj and x = rO with a;,0G§"'“^. 

For any g G L^(M”), the expansion formula gives 

oo dik) 

fc=0 £=1 


where 
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is the orthogonal basis of the spherical harmonics space of degree /c on ^. This space 
is called T-L^ whose dimension 

‘2,k-\-n — 2 r._i /7\T)—2 

^^ {kr 

It is clear that we have the orthogonal decomposition of 




It follows easily that 
(2.3) 


fc =0 


\\9{^)\\lI = \\ak,i{p)hly 


Using the spherical harmonics expansion, as well as 
of (1 — on g as follows 

oo d{k) 

(1 - = Y^Y.{l + k{k + n- 2)r/^akAp)YkA^)- 

k=o e=i 

Given s, s' ^ 0 and p,q 1, define 


, we can define the action 




'.P • ||(1 ^ S') 

where g{p) = p^~^dp. 

For our purpose, we need the inverse Fourier transform of akAp)Yk,iA)- 
lowing Hankel transforms formula is due to |22l Theorem 3.10] 

^ ^ 2 „ 

(2.4) 5(r6») = ^ ^ 27ri''yfc_£(6')r" V / 4(^,)(27rrp)afc,£(p)p^dp. 

k=0 £=1 

Here v{k) = k + and the Bessel function Ju{f) of order v is defined by 


Ju{r) = 


{r/2Y 


e“’'(l - s2)(2^-i)/2ds. 


F(z 2 + l)r(l/2) 

where p > —1/2 and r > 0. It is easy to verify that for absolute constant C 


(2.5) 


\Juir)\ ^ 




1 + 


2^F(z/ + i)r(l/ 2 ) V U + 1/2J' 

To investigate the behavior of asymptotic bound on v and r, we are devoted to Schlafli’s 
integral representation [33] of the Bessel function: for r £ M'*' and p > — ^ 

irsine-iu9^^ sin(z/7r) r 

Jo 


1 r 


-(r sinhs+z/s)^^ 


(2.6) vr 

= : JAr) - E^r). 

Clearly, Ey{r) = 0 when v G Z'*'. An easy computation shows that 

(2.7) \Eu{r)\= ^-{rsinhs+us)^ 

Jo 


vr 


^ C(r + z/)-U 
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There is a number of literatures for the asymptotical behavior of Bessel function, we 
refer the readers to [T9l[2Tl[33]. We reprove some properties of Bessel function for 
convenience. 


Lemma 2.1 (Asymptotic of the Bessel functions). Let i/ S> 1 and let Jv{r) he the 
Bessel function of order n defined as above. Then there exists a large constant C and 
small constant c independent of v and r such that: 

• When r ^ we have 

(2.8) \Ur)\ ^ 

• When ^ ^ r ^ 2n, we have 

(2.9) l•^^^(’")l ^ Cn~i{v~^\r — v\ + 1)“4; 

• When r ^ 2v, we have 

(2.10) Jy{r) = ^ a±{u, r)e=^*'’ + E{i^, r), 

± 

where \a±{iy,r)\ ^ C and \E{n,r)\ ^ Cr~^. 


Proof. We first prove ()2.8p . By the definition of Ju{r), a simple computation gives that 
for 1 / ^ 0, there exists a constant C > 0 satisfying 

C{rf2)^ 


Ju{r) ^ 

The well known Stirling’s formula 


r(i/ + i)0F 


x^+oo [^Y^J2'KX 


gives us that for S> 1 


r(z^+2) = 




27r{u - -) ^ 


U — 


Hence we obtain that for r ^ 

Mr) ^ C{^Y ^ Ce-~^'^ ^ Ce-<'^+^\ 

We next prove (12.91) . By (12.6p and (12.7p . it suffices to consider Ju{r). We argue this 
by using the stationary phase argument for two cases r > v and r Let 

(pr,u{d) = rsmO — uO. 

Case 1: u < r. We find the critical point 6q by solving 

4>r,uM — rcos9 — u = 0. 

Then 6q = arccos(i//r). Now we split Jj/(r) into two pieces by breaking the integral 
into a small neighborhood around the critical point 0q and the error term, 




Ar sin 9—iuO 


de + 


Qs 


iL 


Ar sin9—iv6 


d0. 
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where 

Qs = {0 '■ \0 ± 0o\ ^ <5}, Bs = [-77, tt] \ 0^, 
and (5 > 0 to be chosen later. It is easily seen that 


( 2 . 11 ) 

Integrating by parts, we have 




Ar sin 6—iu9 


de 


L 


^irsm9—iu9^Q _ 


Qs 

^i{r sin 9—vd) 


C C6. 


+ 


L 


Jr sin 9—iu9^ g -g 


d0, 


!i{rcos9 — v) dBs Jbs i(r cos0 — 

where dBs = {±7r,±0o =t (^}. It is easy to check that all the terms are controlled by 
cjr cos(0o =t 5) — We shall choose suitable 5 to balance the contribution of 0,$ and 
Bs such that 

6 ~ |rcos(0o ± (5) — 

Noting that 

cos (00 =t 5) = cos 00 cos 6 =f sin 0o sin 6, 
and the dehnition of 0o, we obtain 


r cos(0o dz 6) — u = PcosJ ± \/r'^ — sin 5 — 


Since 1 — cos 6 = 2 sin^ |, then for small 6 


|rcos(0o ± (5) — i^l ~ 11/(5^ zb 6 \/— u'^\. 

When |r — i^l ^ pa, choosing 6 = Ciy~3 with C ^ 2, we have 
(2.12) |rcos(0o ±6)-iyA < ly-^C^ - Ciy-I 

When |r — i/j ^ z/s, we optimally choose 6 = c{r‘^ — A)~i with small c > 0. Since 


r ^ 2v, (r^ — A) 4 ^ (3i/) Ijr — i/j 


we have 


(2.13) |r cos(0o ± (5) — p| ^ < (r^ — p^) 'i {c — (?v{r^ — v"^) 4 ) ^ 


^ --I I-- 

^ V 4 r — Z/' 4. 


Case 2: r When z/ — z/s < r < v, choosing 0o = 0 and 5 = v 3 , similar argument 
as before gives \Jv{f)\ ^ y~3. When r < v — u 3 ^ there is no critical point. Hence we 
obtain 

l'A^(^)l ^ ^ W3|r - zyj"^/"^. 

Finally, we collect all the estimates to obtain 

l•^(^’)l < P“^(l + z/“3|r - z/|)“3. 


Now we prove (I2.10p . Again by (12.61) and (|2.7p . it suffices to prove 

^ . . . 

J- j fj Y* ^ ^ 1 ^ ^ 


1 
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where |a±(z/,r)| ^ C and \E{v,r)\ ^ Cr By the symmetry, it suffices to show 

(2.14) r = r-^a{u, r)e-*" + E{iy, r). 

Jo 

To this end, we break this integral into two parts 

p pSniA 

^irsinO—iuO^Q / ^ir sin 6—iu9 _|_ / ^ir sin 9—iu9 

J [0,7r/4]U[37r/4,7r] J tt fA 

When 9 € [0,7r/4] U [37r/4, vr] and 21/ ^ r, we have 


f 


n — 1 

\(l)'{9)\ = \r cos 9 — v\'^ - r. 


Integrating by parts gives 


X 


Ar sin 9—iu9 


d9 


[0,'7r/4]U[37r/4,'7r] 


^ Cr 


-1 


Let 9o = arccos ^. Since 


V2 


\(f) {9)\ = |rsin0| ^ when 9 G [vr/d,37r/4], 

9q is a non-degenerated critical point. By the stationary phase argument, we have 
r ^irsind-iue^Q ^ r)r-h-^^ + 

Jo 

where |a(z^, r)| ^ C independent of r,i/. This completes the proof of (j2.10p . 


□ 


3. Proof of Theorem 11.11 


Since Theorem 11.11 is a direct consequence of the Stein-Tomas inequality [2T] for the 
case p ^ 2, , it suffices to prove Theorem 1 1.1 1 for the case p ^ 2. More precisely, we will 
only establish for q > 2(n + l)/u, {n + 2)/q = njp' with p ^ 2 

( 3 - 1 ) ll(/do')^||L 9 ^(KxR") ^ C'p,q,n, 5 ||(l -I- |n|) /||LP(S;do-)• 

We decompose / into a sum of dyadic supported functions 

/= y^jM, 

M 


where /m = /X{(T,0:r=|e|2,M«;|^K2M} S Lm- It follows that 




M 


A. 


(3.2) 


II 


R M 


Ll^(m.xAR) 




xAij) 


^ R M 

To prove (|3.ip . we need the localized linear restriction estimates. 



1 

q 
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Proposition 3.1. Assume / G Li and R > 0 is a dyadic number. Then the following 
linear restriction estimates hold: 

• Let q = 2, then 

(3.3) IK/da)^! 


(RxAfl) 




(3.4) 


Let q = 3p' with 2 ^ p ^ 4 and 0 < e <C 1, then 


ll(/do-)'^||L^^^MxAfl) ^ minji? 






I (l + \Ll\) 




LP{S-,dcr) 


We postpone the proof of Proposition 13 .1 1 to next section, and complete the proof of 
Theorem II.II bv this proposition. By scaling argument, we conclude from (|3.3p that 


WifMda) 


IxAr) 


.[{RM)h,{RM)^]M^-^-^\fM\\LRS;da)- 


From (HH), we have that for q = 3p' with 2 ^ p ^ 4 


< 


mm 


(i?M)t| (1 + |f2|) 




LP{S;da) 


where 0 < e <C 1. For any {q,p) satisfying 

q>2{n + l)/n, {n + 2)lq = njp' with p ^ 2, 

let a = 2 — I — I, then we have hy q = 3p' 

1 1 — a a 1 1 — 0 a 

q 2 ^ q p 2 ^ p' 

Therefore we obtain by interpolation theorem 
\\{fMddr)'^\\Ll^iM.xAR) 

<min{(iiM)?, (i?M)"'^d-^^]+^} ^ |) 

Here 0 < e := ea <C 1. According to (13.2p . we obtain 

\\{f dcr)'^ Wl^ 


(3.5) 


LP(S-,dcr) 


< 

/'N_/ 


j;min|(i2M)?,(i?M)-^d-^]+a + Dll f^\\^,^S;d<p) 

K R? \ A/T ^ ^ 


R \ M 

Since q > 2{n + l)/n, e <C 1, and R, M are both dyadic number, we have 


sup ( min | {RM) i , (RM) 

R>oVV ^ 

sup ( min \ {RM)'i, (RM) 

M>o v - 






}) 

}) 


< oo. 


>C5 |l-* 
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Note that q > 2(n + l)/n > p ^ 2, we have by the Schur lemma and imbedding 
inequality 


Wifdar 


L,%(RxlR") 


< 


E 11(1+ 1^1) 




/M||^p(5;do-) 


M 


(1 + |n|) 




LP{S-,da) 


1 

P 


Choosing q = qo = (2(n + l)/n)_|_ and (n + 2)/qo = uIpq, we have 

ll(/d0')^||^TO (RxR") ^ II (1 + \^\) /|Lpo(S;dff) • 


Interpolating this inequality with the restriction estimate in Bourgain-Guth [2], we 
prove (|3.ip . 


4. Logalized restrigtion estimate 


In this section we prove Proposition 13.11 We start our proof by recalling 

(4.1) ifiT,Odant,x)= [ 

JR" 

where g{^) = /(|^P,0 G 5(M"’) with supp C {^ : |^| G [1,2]}. We apply the spherical 
harmonics expansion to g to obtain 

oo d{k) 

k=0£=1 

Recalling v{k) = k + {n — 2)/2, we have by (|2.4I) 

(4.2) 

oo d(k) 

{fdaY{t,x) = 2TTr~^ 

k=0 £=1 

Here we insert a harmless smooth bump function ip supported on the interval (1/2,4) 
into the above integral, since Ofc^£(p) is supported on [1,2]. Now we estimate \\{fda)'^\\j^<i (kxAh)- 
To this end, we need the following Lemma. 


1*00 

/ J^^k) (27rrp)afc,£(p)pt ip{p)dp. 

Jo 


Lemma 4.1. Let p{r) = r” ^dr and uj{k) is a weight, we have for q ^ 2 
(4.3) 

, poo \ i 

' 1 _o v-i do 


71-2 
T 2 


< 


_ 71 — 2 

'f 2 


k=0£=1 

CO d{k) 




(EE ‘^(^) II {f'p)ak,£{p)p{p)p 


71 — 2 I 1 , , O \ o 

2-^7 IK . \ 2 


k=0 £=1 















LINEAR ADJOINT RESTRICTION ESTIMATES FOR PARABOLOID 


11 


Proof. Since q ^ 2, the Minkowski inequality and Fubini’s theorem show that the left 
hand side of (j4.3l) is bounded by 


_ n —2 

T’ 2 


oo d{k) ^oo 

EE w(A:)|| J^(^k){rp)ak,e{p)pip)p"^^ P^P 


k=0i=l 


K(r)iSn) 


We rewrite this by making the variable change p 
(4.4) 

oo d(k) 

--“^^(EE w(A;)|| / e^^PJ^^k)iry/p)akAVp)PiVp)p"'^^^P 

k=0 i=l 


KirfSR) 


We use the Hausdorff-Young inequality in t and change variables back to obtain 

oo d(k) 

LUASn) 

□ 


LHSof 


_ n — 2 

7^ 2 


OO tiyn, j 

(X] X] ^ik)\\j^i^k){rp)akAp)p{p)P^"'~‘^'’^'^""^^'^' I 


k=o e=i 


LI 


Now we prove (13.3p and (13.4p hold for i? < 1. To do this, we first prove 
Lemma 4.2. Let q ^ 2 and i? < 1, we have the following estimate 

( OO d{k) 

^ ^ Ak)\\akAp)p{p)\\\<f 

fc=0 £=i ^ 

where u!{k) = (1 + . 

We postpone the proof for a moment. Note that q' ^ 2 ^ p, we use ()4.5I) . Minkowski’s 
inequality and Holder’s inequality to obtain 



WU^^AWlIJUxAr) 

n 

<R^ 


oo d{k) 1 

^^a;(/c)|afc/(p)|^) V(/5) 

k=0 i=l 


T ^ 
l^p 




-1) <i?^ 




where m = (n — 1)(^ — |). In particular q = 2 and 4 ^ ^ 6, this proves (13.31) and 

(13.41) when i? < 1. Hence it suffices to consider the case i? S> 1 once we prove Lemma 

K2[ 


Proof of Lemma lf.^ By scaling argument in variables t,x and ( 03 ), we obtain 
ll(/dT)^||i9^(RxAH) 

(4.6) 


_ n —2 

7* 2 


,cc 

OO d{k) 


POO 

EE=Y i{e) / e *^^V^(fc)(rp)afc,^(p)p2(/?(p)dp 

1 _ r\ n _ 1 d 0 


k=o e=i 


LI^{^xAr) 
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By Sobolev embedding and (12.31) . we have 


_ n —2 

T’ 2 


cxD d{k) ^ ^ ^ 

fc=0 £=1 


2 \ - 
2 


L?(K;L^„(Sh)) 


By Lemma l4.11 it is enough to show 

oo d{k) 


' \ \2 \ 2 




fc=0 £=1 
oo <i(/c) 


Ll(r)iSn) 




L? 


■ k=01=1 

Writing briefly v = v(k), and noting that R < r < 2R and 1 < p < 2, we have by ()2.5I) 

oo d{k) 1 

r--V ( ^ ^ a;(A;) II J^(fc) (rp)afc,£(p)(p(p)p(’""^)/^+^/®' 


< 

r\_; 


fc=0 £=1 

r2H , ,, oo 

(n-2)q 
f 2 


Yl|2 

I A?' 




/H 


d(fc) 

k=0£=1 


(4r) 


2-r(z2 + i)r(i) 


9 s £ 

.,2 


\ak,£{p)p''M\\ 




y OO 

^ A:=0 1=1 
oo d{k) 


m 


,, n —2 

i'-^ -,2. 


L r(i2 + i) J 


afc,£(p)p''‘p(p)|| 


fc=0 £=1 


In the last inequality, we use the Stirling’s formula L (z 2 + 1) ~ ^Ju{v/eY and the facts 
that ii < 1 and v {n — 2)/2. □ 


Now we are in the position to prove Proposition 13. II when R^ 1. We hrst prove (13.31) 
by making use of (SH). Since supp q (Z i |^| G [1,2]}, we may assume I^t^I 1. Then 
we freeze one spatial variable, say Xn, with \xn\ Y ^ and free other spatial variables 
x' = {xi,... ,Xn-i)- After making the change of variables 7jj = ^j, rjn = with 
j = 1,... n — 1, we use the Plancherel theorem on the spacetime Fourier transform in 
{t,x') to obtain (13.3p . 

When i? S> 1, ()3.4p is a consequence of the interpolation theorem and the following 
proposition. 

Proposition 4.1. Assume / G Li and R 1 is a dyadic number. For any small 
constant 0 < e <C 1, we have that 
• For q = 4, we have 

71 — 1 71—1 

ll(/d0')^llL4^(MxAfl) ^ "^1(1 + 1^1) /llL4(5;do-)- 


(4.7) 
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• For q = Q, we have 

n—1 n—1 

(4.8) ll(/da)^|L6^(KxA«) + ^ /llL^(S;d.)- 

Remark 4.1. It seems possible to remove the e-loss in (|4.8p . but we do not purchase 
this option here since it is enough for our purpose in this paper. 

To prove this proposition, we firstly show 


Lemma 4.3. Assume / G Li and let 1, we have the following estimate 

(4.9) ll(/dfT)'^||i4^(RxAH) ^ 
where 0 < e ^ 1, and g{f,) = /(|CP) 0- 

Proof. By the scaling argument and (14.2|) . it suffices to estimate 

oo d{k) 

(4.10) ^ ^ 


_ n — 2 

'f 2 


^ poo 

EE- ^YkA^) / e J^(^k)irp)ak/ip)p’^ ApAp 

1 _r» n _1 J 0 


fc=0 i=\ 




We divide three cases to estimate it. For the first two cases, we establish the estimates 
for general g ^ 2 so that we can use them directly for q = 6 later. 

• Case 1: k G Hi := {k : R Let uj{k) = (1 + /c)^*^"'“^Li/2-i/g) again, we 

have by the similar argument as in the proof of Lemma 14.21 


_ n — 2 

7* 2 


d.{k) oo 

Y1 J^(^k){rp)akAp)P^PipAp 

_ /?_-I t/ 0 


n-2 
'f 2 


£=1 

d{k) 


iL(RxAfl) 


ceDi e=i 


Ju{k){rp)akAp)pip)P ~^~ P^P 


< 


a'\\2 

tP 

\Lp 




fcGHi £=1 

d{k) 

r--V( ^w(/c)||4(fe)(rp)afe,£(p)99(p)p(”“^)/2+'?' 

feGDi e=i 

Recall i? :§> 1 and A: G fli, we have \Ju{k){A\ ^ e“'^L+C by (12.8p . Using that R < r < 2R 
and 1 < p < 2, we have 

d{k) 

r-V( Y ^w(A:)||4(fe)(rp)ap£(p)(p(p)p(’""2)/2+i/g' 

feGDi £=1 
r2R , 


n'\\2 

I A?' 




< 

rsj 


IR 


{n-2)q 
f 2 


d{k) 




,-{r+v) I 


akAp)p''p{p)\\ 


fcgDi £=1 




dr 






Y ''^^^hkAp)p''pip)\\ 

fceDi 1=1 

d{k) 

'fcGDi i=l 

























14 


CHANGXING MIAO, JUNYONG ZHANG, AND JIQIANG. ZHENG 


By Minkowski’s inequality and Holder’s inequality, we obtain 


(4.11) 


_ n —2 

J' 2 


d{k) oo 

^ J^(^k){rp)akAp)P^Mdp 

^—1 *^0 


<p-cR 


fceOi£=i 
CXD rf(fc) 


LjJ-^xAn) 


Y1Y1 i«m(p) I " ^(p) 

'k=oe=i 

Applying this with q = A = p, we obtain 
d{k) 




_ n —2 

T 2 


< -cR 


/ oo 

KfciO £=1 

OO ci(fc) 1 

+ k)^'^-^'>/‘^\ak/{p)\^y p{p) 


l 4 (RxAfl) 


fc=0 £=1 








• Case 2: k £ ^2 ■= {k ■ ^'{k) ~ R}. Recalling g{^) = /(|^P,C)) using the 
Sobolev embedding, Strichartz estimate and the fact suppg C [1,2], we have 

ll(/do-)^||2,|^(RxR>^) ^ ||5 ||h'"‘(R'*) ^ 


(4.12) 

where m = U g = R’^, then 


‘) 


d{k) 


Il2(S"-1) 




kGO.2 £=1 


(4.13) 


d{k) 


--i)(i/2-i/9)|afc,,|2 


<^-2(n-l)(l/2-l/g) ^ ^ ^)2( 

fcGOj ^=1 

<^-2(n-l)(l/2-l/g)|| ||2 

~ iiyii (TO-i)(i-i),2 , • 

Since supp^ C [1,2] and p ^ 2, we have by Holder’s inequality and (|4.12l) 


(4.14) 


_ n —2 

7* 2 


.00 

Y e"**^V^(fc)(rp)afc,^(p)p^<p(p)dp 


k^Q,2 ^=1 




<JV(”-l)(l/"-l/’)|l9ll , 

L^pHu, ^ '5' (S"-1) 

In particular, when q = p = A, (14.141) implies that 

roo 

Y / e"**^V^(fc)(rp)afc,^(p)pt(^(p)dp 

7. /? 1 d 0 


(4.15) 


_ n — 2 

'P 2 


k^^2 ^=1 


L^JRxAfl) 


< p-(”-l)/4| 
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• Case 3: A; G ^3 := {k : ^{k) <C R}- We need the following lemma about the 
oscillation and decay property of Bessel function. This lemma was proved in Barcelo- 
Cordoba [3]. 

Lemma 4.4 (Oscillation and asymptotic property, [3]). Let v > 1/2 and r > . 

There exists a eonstant number C independent of r and v such that 


(4.16) 
where 9{r) 

(4.17) 


Jy{r) 


cos 0 (r) 

V T (r^ — z/2)i/4 


+ K{r), 


(r^ — — z/arccos 7 — f and 

\hu{r)\ ^ C _ j, 2 ) 7/4 + “) + -\ 2 v,oc){r)^ ■ 


Note that v{k) = A: + (n — 2)/2 and k G O 3 , we can write 

Jy{r) = Iu{r) + Iy{r) + h^{r), where \hu{r)\ < 

and 


Iu{r) = 

A simple computation yields to 
e\r) = (r 2 - 




Tre 


20 (r) 


(^2_j,2)1/4- 


'( r ) = ( r ^ - i . 2 )- 1/2 _ (^2 _ ^ 2 ) 1 / 2^-2 ^ (^2 _ ^ 2 )- l / 2 ^ 2 ^- 2 ^ 
"(^) = !/!(^2 _ ^ 2 )- 3 / 2 ^ 2^-2 /_3 ^ ^ 


(4.18) 


Using Sobolev imbedding on sphere and Minkowski’s inequality, we estimate 


_ n — 2 

'f 2 


<R-^ 


d{k) 

1=1 
d{k) 


e Ju(k){rp)ak,(.{p)p^ip{p)Ap 


L) (RxAfl) 


/ oo 

e"**^"4(fc)(rp)afc,^(p)pty,(p)dp 


feGDs l=l 
d(k) 


2 \ 1/2 


fcGDs £=1 


e Ju(k){rp)ak,(.{p)p^(p{p)dp 


lR^-M(Sr)) 


\ 1/2 
) ’ 


Since Jiy(r) = /j/(r) + /i/(r) + hu{r), it suffices to estimate two terms 


/-oo 

n-l)/2 I 


EE<i + T 


'0 


e /i^(fc)(rp)ofc,£(p)p2/9(p)dp 


\ 1/2 
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and 


d{k) 

< o-l/2+e|| II 


poo 

/ I^(^k){rp)ak,t{p)p'^(p{p)dp 

JQ 


2 \ V2 


LjH^ 


1 ) 


For the first purpose, we consider the operator 

Tu{a){t,r) = ^ e~^^P^K{rp)a{p)p^tf{p)dp 

where \hi^{r)\ ^ C/r. By the similar argument in the proof of Lemma l4.ll it is easy to 
see 


(4.19) 

Hence we have 
d{k) 




'Ll 


f 


e K(^k)i'rp)ak,£ip)p’^ (p{p)dp 
2 \ 1/2 


keUs e=i 

d{k) 

i=i 
d(k) 

s-R-=‘''ii( E E('+ 


2 y/2 

LUR;LUSn))J 


akAp)v^ip) 


1,4/3 
1/2 


^€^ 3 i=l 


L4/3 








We next consider the operator 

HAa){t,r) = ^ e-^*pAArp)a{p)p'^ip{p)dp, 


where u = ^{k) = /c + (n — 2)/2 with k G Hs. We have the claim that for any e > 0 
(4-20) ll-^!9(fl)(^)^)llL4^(RxK) ^ 

Once we prove Claim ()4.2np . we have 


d{k) 

fcgOg £=1 “'O 

d(/c) 

<^-l/2+<(' ^ J/(l + t)("-l)/2||o„(p)Ap)||l2) 


e Iy[k){rp)akAp)p"^Ap)dp 
1/2 


2 y/2 

L4(R;L4(5^)); 


<r-1/2+p 


/cG^s £=1 

I 2^,2 IN 4^'^ ^'^^'*"'^11 S'11 ^^.4, 

h:/^’ (S"-1)L4 (§"-1) 
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Now we prove Claim (I4.20p . Consider the kernel 

K{R,V]PI,P2,P3,P4:) 

(4.21) f°° ^‘i(^j.'^giiS{pir)-e[p2r)+8{p3r)-e(p4,r)) 


f 


((rpi)2 - l.2)l/4 _ ^,2)1/4 ((^^3)2 _ ^2)1/4 _ ^,2)1/4 

where p = v{k) = k + {n — 2)/2. It remains to estimate the integral 
\\Hy{a){t, r)||^4^(^xR") 

= [ [ e~"^‘^Pi~P^^^P3-pl)K{R,ip;pi,p2,P3,PA)a{pi)aip2)a{ps)a{p4) 

4M4 Jr 

l5{pi)IJ{p2)IJ{p3)IJ{Pi)dtdpidp2dp3dpi, 
where j3{p) = p^p{p). Before doing this, we analyze the kernel K. Let 
pi,p2,P3, Pa) = 0{pir) - 0{p2r) + Oip^r) - e{p4r), 
hence if Pi — P 2 = Pa ~ Ph have by (14.181) 

K = (Pi - P2)r 


dr 


^(rpxY - + V {PP^)^ - 'J{rpoY - + \/ 

^p\-p\){pI-p>^ 


2 - 1/2 ^{rp2Y - 1/2 
1 


- + 1 /(r/ 04 )^ - 


+ 


. \/(?’/33)^ - + V(?’P2)^ - + V (t/34)^ - , 

Since k S fls, one has r S> v{k). Therefore we have 

Wr\^\pl-pl\-\pl-plV 

Applying integral by parts with respect to r to (|4.2ip . we have for any ^ 0 

(4.22) K{R,u;pi,P2,P3,Pa) < R~^ {l + R\pl-pl\ • |pi 

when Pi — P 2 = /°4 “ pI- Note that /3(p) = p^p{p), we next estimate the integral 

f f e-^dPl-Pl+Pl-Pl)K{R, u- PI, p2, p3, P4)a(pi)a(p2)a(p3)a(p4) 

4R4 Jr 

/? (pi )/3 (P2) /3 (P3 )/3 (P4) dtdpi dp2 dp3 dp4 • 

Let b{p) = 2a{yfp)j3{yfp)/yfp, it suffices to establish 

/ 5(pi - P2 + P3 - Pa)K{R, 12] ./^)h{pi)b{p2)b{p3)h{p4)dpidp2dp3dpA 

Jr4 

= / K{R, 12] y/pi, Vpi - P2 + P3)b{pi)b{p2)b{p3)b{pi - p2 + P3)dpidp2dp3 

JR3 

Sfl-'+'lltlli.. 

By (I4.22p . the left hand side of the above inequality is bounded by 


R 


-1 ( M£lE£l>M}^kl^£l±^3p,dp,df,,^ 

R3 (1 + /2|pi - P 2 I • |P3 - P 2 |)^ 
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Therefore, it remains to prove 

Jr3 (1 + _ P 2 I • 1/93 - P 2 I) 

Let = 2^0 > 1, we decompose the integral into 
f KPl)KP2)b{P3)KPl - P2+ Ps) 


\N 


-dpidp2dp3 


(4.24) 


R 3 (1 + _ P2IIP3 - P2I) 

{(i,i)eN2;i+j>fco} {(*,i)GN2;i+j<fco} 

b{pi)dpi 


b{p2)dp2 / 

d\pl- 


'\pl—P2\^2 * 

To estimate it, we need the following lemma 


|P3—P2|~2 i 


b{p‘i)b{pi - P2 + P2.)dp‘i. 


Lemma 4.5. ITe have the following estimate for the integral 
(4.25) 

[ h{p2)dp2 f b{pi)dpi f 6(p3)6(pi- p2 + P3)rfp3 < 2"(*+^)||6||^4. 

J •^Ipi—P2|~2“® |P3—P2|~2“.:' 

Proof. We first have by Holder’s inequality 

b{p3)b{pi - P2 + P3)dp3 


(4.26) 


< 


< 


< 


|P3—P2|~2 ^ 


|P3—P2|~2 i 




|P3—P2|~2 j 


\b{p3)\‘^dp3 [ \b{pi-P2 +P3)\^dp:}\ 

•'|P3—P2|~2 j 

\ 1/2 

f \bipi+p)\‘^dp\ 

|p|~2 1 J 

\ 1/2 

\b{p)\‘^dp\ . 

|p-pi|~2 1 J 


\bip3)\‘^dp3 


\b{p3)\‘^dp3 [ 

J\o- 


|P3—P2|~2 1 

Let I be the left hand side of (I4.25p . We estimate I by (I4.26p and Holder’s inequality 

\b{p}rdp] b{pi}dp3[ I \b{p3)rdp3:^^^ 

|pi—P2|~2 ® 9|pi—p|~2 1 


/ / ( / 

■J 9|pi—p2l~2 ® ^J\p 






' \pl—P2\^2 * 9|pi—p|~2 1 


^ &(/ll)dpi( [ \b{p3)\‘^dp3'] ' dp2 

■/|P3—P2|~2 1 

' \b{pi)\dpi ( [ \b{p3)\^dp3'] 

^ W|p3-P2h2-1 ^ 


1/2 


Xi* {iXj*\b\‘^)^\b\) 

L-^ 


2II1/2 
IIl2 • 


where Xj = Xj{p) = x{‘^^p) and x S <^^([3)4]). It is easy to see by the Young inequality 
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and 


Xi * [iXj * \b\‘^)^b\) ^ 2 - 11 ^* 11^1 {Xj*\b\^)Mb\ 


L2 


< 


\\Xi\\L4xj*\b\H2\\bh^ 


<2-^2-^/4\b\\l,. 

Collecting the above estimates, we obtain 

This completes the proof of Lemma 14.51 

Now we return to prove (I4.23p . Applying this lemma to (I4.24p . we have 
f b{pi)b{p2)b{p3)b{pi - P2+ Ps) 


{1 + R\pi - P2\\p3 - P2\)^ 


-dpidp2dp3 


(4.27) 




' {(* j)GN2;i+j>fco} 


{(i,j)GN2;i+j<fco} 


2(7V-l)(i+i)\| 


|4 

Il4 


|4 

Il4' 


Hence we prove (I4.2.sp , and so finish the proof of (14.7p . 


□ 


□ 


We next prove (j4.8p in Proposition 14.11 we need to prove the following lemma: 
Lemma 4.6. Let i? 3> 1 and / G Li, we have the following estimate for any 0 < e <C 1 


(4.28) 

where g{^) = /(|CP,0- 

Proof. It suffices to estimate by scaling argument 

oo d[k) 

(4.29) 


1 2 1 


_ n —2 

T’ 2 


j nOO 

EE‘ ’^Yk,i{e) / e i*^Vj,(fc)(rp)afc,£(p)/9 2 (^(p)dp 
k=o i=i 


(RxAfl) 


We divide the above integral into three cases to estimate. 

• Case 1: /c G Hi := {/c : ii <C n{k)}. Using (|4.1ip with g = 6, we prove 


_ n —2 

T 2 


d{k) 


< -cR 


' ^ roo 

/ e“i*^"4(fc)(rp)afc,£(/9)/9t(^(p)d/3 

l=l 

oo d{k) ^ 

^^(1 + A:)2(’i-i)/ 3 |afc,£(p)|^) V(/3) 


l6 (Kx^h) 


A:=0 1=1 





































20 


CHANGXING MIAO, JUNYONG ZHANG, AND JIQIANG. ZHENG 


Case 2: /c G O 2 := {k : ^{k) ~ R}. Applying (|4.14p with q = 6 and p = 2, we show 


(4.30) 


_ 71 — 2 

T’ 2 


dik) ^00 

^ J^(^k){rp)ak/{p)p^(p{p)dp 


fcGD 2 e=i 


LIJ^xAr) 




^ n — 1 2 

Lj,H:R^’ (S—1) 


• Case 3: k £ := {k : v{k) ^ i?}. Note that the operator 

Ty{a){t,r) = ^ e~^^P^K{rp)a{p)p^<p{p)dp 

where |/ii/(r)| ^ C/r and the operator 

H^{a){t,r) = ^ Iy{rp)a{p)p'^p{p)dp, 

where = ^{k) = k + {n — 2)/2. Since 

Jv{r) = Iu{r) + h{r) + Kir), 

our aim here is to estimate 

d{k) 


_ n —2 

7* 2 


1*00 

V '^i^Yk/{e) / e“**^Vi,(fc)(rp)afc,£(p)/9t<^(p)dp 

7N 40 


^ 1 I 1 

<R- — +2 


kens e=i 

1/2 


L6 (RxAfl) 


d(fc) 

E 

•keUs e=i 

11 (afc,£) (i, J’) 11 l6(K;l6(5^)) 

By making use of ()4.19p with q = 6, we have 

l| 7 ).(o)(t,r)||^ 6 ^ ^ 11 099 11 ^6/5. 

This implies that 

d(k) ^ 1/2 


+ 


-^=1 


(4.31) 


<0-5/6 


rf(fc) 




£=1 


L6/5 






On the other hand, by p2.inp . one has \Iu{r)\ < r when fc G ^ 3 . It is easy to see 
||ifi/(a)(t,r)||j;^^^(]jjx]Rn) ^R 

Hence, we have by interpolation this with (14.201) for any e > 0 
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This shows us 


dik) 1/2 


keQs£=1 


(4.32) 


d{k) 

^(1 + i)2(-l)/s \\a,Mv{p)\\ 

fceDa e=i 

<r-1/2+. 


2 ll/2 
L2 


LlH~ 


1) 


Collecting (14.311) and (14.321) to yield that 


_ n —2 

T’ 2 


^ n —1 

<R-—- 


'^(^) ^oo 

^ '^i’^Yk^e{6) / e“**^Vi,(fc)(rp)ofc,£(p)/9^<y9(/9)d/3 

fceDs £=i 


L6 (RxAfl) 




This implies (14.281) , and so we finish the proof of Lemma 14.61 


□ 


5. Local smoothing estimate 

In [Is] , Rogers developed an argument that the restriction estimate implies the local 
smoothing estimate under some suitable conditions. For the sake of convenience, we 
closely follow this argument to prove Corollary 11.11 In fact, by making use of the 
standard Littlewood-Paley argument, it can be reduced to prove the claim 

(5.1) ||e‘“(l - < jvP»C/2-i/,)-2/,)+ ||„^||^, _ „ ^ 1 


where 


supp J'((l - Ag) C : 1^1 ^ N}. 

Here we denote by T the Fourier transform. And we also use the notation h to express 
the Fourier transform of h. Let /i = (1 — Denote the Littlewood-Paley 

projector, i.e. 



P/v^ = -P 


XGC-([1/2,1]). 
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By Littlewood-Paley theory and Claim (15.11) . one has for a > n(l/2 — 1/q) — 2 /g 

JtAi ||2 






+ E ¥'^PNh\ 

Ar>l 

+ ^ ^2[n(l/2-l/,)-2/,]+||p^^^||2 


2 

L,%([0,l]xR-) 


Ll 


Ar>l 


L^(R") + 


+ 


N^^\Pnuo\^ 

iV>l 

iV 2 “ \Pnuo(^ 

iV>l 


1/9 


1/2 


L% 

2 

L% 


— l|llo|lvy“’9(Rr»)- 


Hence we have 


|6**^i''o||l9^([o,i]xR") ^ 11(1 “ 


Now we are left to prove Claim (j5.1l) . Assume supp / C [0,1]. Note that 
'‘“1 = TTT;^ / V ( £ R\{0}. 

jRr. 

On the other hand, we have for t 7 ^ 0 

JR" JR" 


1 


(/t )”/2 

So we have for dyadic number N 


e 4 t (eO 


X 

Yt 




l^L(|ihlV2;|x|<iV2) 


<N- 


<N 


-n+ 




2n + 4 




L" (|th7V2;|x|<JV2) 


^UAf 


LUi\thN-^-,\x\<l) 




< 


0 %(|ihlV-2;|x|<l) 




By making use of Theorem ll.il we obtain for q > 2{n + l)/n and ^ 

(5.2) 

This yields that 

This implies that 

(5.3) \¥^{l-^e)-P¥\\LtJ\t\^N^M<N^)<N-^^'^ 


2n+4 
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Since q > p when q > 2(n + l)/n, for any 0 < e <C 1, we have by [151 Lemma 8] 

Using the scaling argument, if 

supp£v c i? 2 '=/ 27 v : lei e [0, }, V A: ^ 0, 

then 

(5.4) ||e**^(l - Ae)“2/fc,Ar||L«^([2-'=,2-'=+i]xR-) ^ 5)+^(22iV) '^\\fkM\Ll- 

Since 

supph C [A/2, N ] C B2k / 2j ^, Vfc ^ 2, 
we replace (1 — fk^N by h to obtain 

/ . \ L? 

l|e**^^llL«^([o,i]xR") =( X] ||e**^(l - Ae) '''^^^^o||^9^([2-'',2-'=+i]xR") 


(5.5) 




< 

rv-/ 


i/g. 




2n(l/2-l/g)-2/g)+ 


P0|ll,9 . 




This proves ()5.ip , and so we complete the proof of Corollary 11.11 
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